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Hyperfunction Method for Numerical Integrations

Hidenori Ogata∗ Hiroshi Hirayama†

∗The University of Electro-Communications
†Kanagawa Institute of Technology

Abstract. We examine Hirayama’s numerical integration method for integrals over finite

intervals, which is called the “hyperfunction method” in this paper. In the hyperfunction

method, an integral is transformed into a complex integral on a closed contour and is

approximated by the trapezoidal rule, which gives good results for integrals in the case that

the integrands are periodic functions. Numerical examples show that the hyperfunction

method is effective for integrals with strong end-point singularities. We also remark that

the relation between the hyperfunction method and the hyperfuction theory.
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Fig. 2. The closed curves Cδ1
, C, Cδ2

and the domains Dδ1
, D, Dδ2

, where

−d0 ≦ δ1 < 0 < δ2 ≦ d0.

3.

C++

I =

� 1

0

xα−1(1− x)β−1exdx =B(α, β)F (α;α+ β; 1)

(3.1)

= 3.71819 70362 84701 . . .× 104 ( α = β = 10−4 )

DE [6]

C

(3.2) z = ϕ(u) =
1

2
+
1

4

�
ρ+

1

ρ

�
cosu+

i

4

�
ρ−

1

ρ

�
sinu, 0 ≦ u < 2π, ρ = 10,

*1 C

4

36 日本応用数理学会論文誌　Vol. 26, No. 1, 2016

─ 36 ─



ǫN =
|I − IN |

|I|

N Fig.3 (a)

N log10 ǫN

N ǫN = O(0.13N ) DE

DE x = 0, 1

-16

-14

-12

-10

-8

-6

-4

-2

 0

 2

 0  5  10  15  20  25  30  35  40

lo
g1

0(
re

la
tiv

e 
er

ro
r)

N

hyperfunction rule
DE rule

-16

-14

-12

-10

-8

-6

-4

-2

 0

 0  10  20  30  40  50  60

lo
g1

0(
re

la
tiv

e 
er

ro
r)

N

hyperfunction rule
DE rule

(a) (b)

Fig. 3. Error of the hyperfunction method and the DE rule for (a) the integral

(3.1) and (b) the integral (3.3).
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Fig. 4. The graphs of the integrand of the numerical integration of (3.1) by the

DE formula computed in (a) double precision and (b) multiple-precision.
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