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On the Bias of Apportionment Methods
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Abstract. For the first time in the history of apportionment, the United States Supreme
Court deliberated upon the constitutionality of the Huntington-Hill method, currently
being used. Since around 1980, Balinski and Young have pointed out that Huntington-
Hill’s method favors small states while Webster’s method has no bias in favor of small
or large states. However the Court upheld the constitutionality of the Huntington-Hill
method. Considering an assertion made by Ernst who was then an official at the U.S.
Census Bureau and supported Huntington-Hill’s method in the court, it is shown that his
assertion partly lacks validity.
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Fig. 1. Regions favoring small and large states under the BY distribution.
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Fig.2. Graph of the function P(8) with n; = 2 and n, = 9 over the interval —20 < 8 < 20,
assuming the BY distribution.
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Fig.3. Regions favoring small and large states under the ER distribution.
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5. FH
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Table 1. Biases using the measure of P(6).

Hill method Webster method

BY distribution favors small states unbiased

ER distribution  favors small states  favors large states

Ernst DREZFARNTAB L, 1zl REE L TIEAR#EYZR 2 DOWE (1), (2) &
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ETNIEP1)=0498 < 1/2 THDH, ny=1,nm =3 &FTHIEP(1)=0503>1/2 &7
5. 0=1%/37 A —=RIZFRDOEHREG AL Theil FRXTH 5D, Emnst DREZE A7z
%, Theil HRPKMERP/NMNERPDHEIZTE RV, MOBPADE R, B
EOMETIE ny,no DIENEELE > TVWEDIT TR, HEWVWIE, HEYREEZEDS L
BARFRETH D, TDEIBEKRIZBWT, T0D 0 DfEEINT A — X IZEDEHREG R
DfmH (KINER, INMHNEFR) Z2EDD I LIFTER.

52 MHE (2): RHUE

Balinski & Young O RE & H7: 0, ER MIZHE S MR G XD O RE PO) 1
HEWABEECIE R, ZOWEITEMREARNCETIEM 32 ICFETS. 20
b, BB EEZ B Z Ik DS MZT B, BRI, np=1lnn =335k,
P(—00) =3/4=0.75 TH3H, P(-=104) =0.7554 720, AL TWRWT LD ERT
5. TH 32 OFHRBAROMO OME LD, Adams AL 0=-104 285 A —X&
R OREFIBRECG K 0, IMNZERTHSB. UL LD S, Brnst DREIXZ DHDKE
REHEZTWS, DD, Ernst DREIXMNE - 72 HEkER %2 5 X 2 W REMED H 5,
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5.3 M (3): Hill BRXOREY IEk

ER 46 126¢ 5 Hill 5RD, IMHEFIOHER P(=1) D 1/2 75 O 1% Webster /5%
DENLHREWV. ZOEKT, Hill XD D & Webster FADRL KD REW. BIF
2, ZOZEEHSIIZT S,

Hill AR ORDBIR d(k) = VK +T) 2R 4.1 1ZfRALT, FHHETS &

1
(5.1) P-1) =5+ (Vna(ny + 1) = m) = (Vmi(ny + 1) = my)
7%, AU, Webster FADMOBEE d(k) =k +1/2 Z2RAAL T, FHEZITS &
_L o mrl om
(5-2) P = 2 8 (I’lz + 1 l’lz)
Y155,

RGDBIOCXGL2) DELIZBEWT, HBR12DP5DRAEDEEZZTNEN
H = (yna(ny + 1) = my) = (Ym(my + 1) - my)

BLU

L. 0<n<n THHEZLro, HEWOHEIEIELLHEERS>TWS., ART,
H>W%xRLU, ZOEWKT, Hill F:XOED 5 Webster TRDEDO L KEWZ &%

R
QU EDEE mIZH L, 0<x<mzEHREETLHK

fx) = \/m(m+1)—m—(\/x(x+1)—x)—%(Ll—1)

m+1 m

EHEZAD. HoMZ, f(m)=0ThH5. 1HRTEL

f,(x):_( 2x+ 1 _1)_1( 1 1)
24x(x+ 1) 8\m+1 m
o xE1p +l(l_ 1 )
Vx(x+1) 8

PRESH, 5 1THHDTLEE, x>0D&E

1
0
dx(x+ Dvx(x+1) g

) =
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I I
0.5 1.0 X

Fig. 4. Graph of the function y = vx(x + 1) — x — x/(8(x + 1)) over the interval 0 < x < 1.2.

NFEoND., DFD, fx) IXEBOMEBRTHEZ W bn s, 215, f(m) =012
HEELT, fom-1) DEVPETHEZ L %2R3EIE CREIS4), 0<x<m-1OHPT
fX)>02k5., ZOZLIFARENH>W 2EKRT2DT, ZOREKT, Hill HRDH
DX Webster HRADIED & H K&\,

5.4 f(m—1)>0 DIEBA
Wk, x>0 Z2EREE T 5K
X
gx) = Yx(x+1)—x- 8 D)

2FZD. fm—1)=gm)—gm—1)72DT, g(x) BWHEFEWMEAKTH 5 Z & 2R
Fm—1)>0 HEIND,
gx) Z 2 RN T 5L

) = xVx&xr+ 1) = (x + 1)?
&= 4(x + DA(Vx(x + D))

NESND., x>0DEE, 0< XX+ D)<+ D* 220, ZHIF0<xVx(x+1) <
(x+1)? Z2EW%RTE. £oT, x>00& &, N xVxx+D-(x+1)2 <0 &k, E
B g(x) 1Z x>0 OHIPHTHEMEL 72 5.

DEIT, W lim, 0 g(x) ZFNRD. ZD7D, gx) %

1 1
g(x) = Vx(x+1) - (x+ E) + (5 - 8(x):- 1))

LEWT S, TIT, AAE 1 HIIFADFTE x & x+ 1 ORMPFITH D, 2 2 HILF
ULSEMFETHS. R<HMoNzI e ThdH (FIAIE, k(6] DEH 42 22K
limy e [ VX + D) = (x+1/2) =0 &2 DT, limyie g(x) =1/2-1/8 =3/8 = 0.375
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LB, X517, g0) = 0 LT B E, g0) BBEMME WS Z L iibrd. K
y=gx) DITT77%20<x<12DHPATFig. 412525, ZOZehs, f(m-1)>0
DENPND.

6. BHYIC

T LD, Balinski & Young £ BY A2 INET 20 DREZIRIEL, BET A Y
I D RN B DR THEHA I N TWaB Hill ARIZ/NNIZERTH D, Webster /5N 134w
DRV EERL TV, —J5, Emst (ZEHDOHT BY 24D MRbH Y I ER 241 22
TEHOREZEEL, Webster FRAIZRINIZERMTHSZ %2 mRT I &IZLD, Balinski &
Young D FiEx HE L7z, BETIE, WOMOELOZYMEICOWTHERS N, G
DM h o7z, HENIZ, Hill F & Webster FADAZLEIELTWAE, 5 5D50%4
(REE) & 0ZYTHE0IRHB LW, LA LRDS, BHREGR2H 2 %0
5&, MEZEDEWIHHTH L. BAREARNIENT A=K 0 1ZB U TR~ IZ/NMIE R A
5 KINERNIZZELT 55 (FHE 3.2), Emst DREIZZOFEELZ KL TR, T O
R, TZTRUZESIZ, Emnst DREIXME S 72 ¥l 2 9 2Rtk Ad b, BHERXH
TRO 2B ZENTERY. 2F0, WO ZHIREL LTI #EYTHD. £72,
DODRETH -7 LTH, Hill FRDFH Webster &L DD A KkEL4 D, Hill HR
DEEMNZBET L1218, PA>TAREG RS,
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