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Abstract. We discuss a sufficient condition which guarantees the existence and uniqueness

of non-negative solutions to an initial value problem of non-autonomous ODE systems,

which include a cardiac hypertrophy network model as one of the typical examples of ODE

systems induced from biochemical reaction networks by applying the low of mass action,

and show the non-negativity of the solutions to the model. Moreover, we define a dynamic

equilibrium point of the cardiac hypertrophy network model, which is non-autonomous,

and analyze its structure theoretically as well as investigating the convergence of global-

in-time solutions to the dynamic equilibrium point using numerical simulations.
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Fig. 1

Ito-Yamamoto [4]
(S) = {(1.1)− (1.26)} (S) Fig. 1

10 Fig. 1 10
25 X1 X25

ẋ1 = k−1 x4 + k−2 x7 − k+1 x1x3 − k+2 x1x6 + g1 =: f1 + g1,(1.1)

ẋ2 = k+6 x13 − k+8 x2x11x15 − k+12x2x18x19 =: f2,(1.2)

ẋ3 = k−1 x4 − k+1 x1x3 − δ3x3 + α3 =: f3 + α3,(1.3)

ẋ4 = k+1 x1x3 + k−4 x9 + k−7 x11 − k−1 x4 − k+4 x4x8 − k+7 x4x10 =: f4,(1.4)

ẋ5 = k−3 x8 − k+3 x5x7 − δ5x5 + α5 =: f5 + α5,(1.5)

ẋ6 = k−2 x7 − k+2 x1x6 − δ6x6 + α6 =: f6 + α6,(1.6)

ẋ7 = k+2 x1x6 + k−3 x8 − k−2 x7 − k+3 x5x7 =: f7,(1.7)

ẋ8 = k+3 x5x7 + k−4 x9 − k−3 x8 − k+4 x4x8 =: f8,(1.8)

ẋ9 = k+4 x4x8 + k+6 x13 − k−4 x9 − k+5 x9x12 =: f9,(1.9)

ẋ10 = k−7 x11 − k+7 x4x10 − δ10x10 + α10 =: f10 + α10,(1.10)

ẋ11 = k+7 x4x10 + k+9 x16 − k−7 x11 − k+8 x2x11x15 =: f11,(1.11)
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ẋ12 = −k+5 x9x12 =: f12,(1.12)

ẋ13 = k+5 x9x12 − k+6 x13 =: f13,(1.13)

ẋ14 = k+6 x13 + k−11x24 − k+11x14x19x22x23 − δ14x14 + α14 =: f14 + α14,(1.14)

ẋ15 = k−10x25 − k+10x15x24 − k+8 x2x11x15 − δ15x15 + α15 =: f15 + α15,(1.15)

ẋ16 = k+8 x2x11x15 − k+9 x16 =: f16,(1.16)

ẋ17 = k+9 x16 =: f17,(1.17)

ẋ18 = k+13x20 − k+12x2x18x19 − δ18x18 + α18 =: f18 + α18,(1.18)

ẋ19 = k−11x24 − k+12x2x18x19 − k+11x14x19x22x23 − δ19x19 + α19 =: f19 + α19,(1.19)

ẋ20 = k+12x2x18x19 − k+13x20 =: f20,(1.20)

ẋ21 = k+13x20 =: f21,(1.21)

ẋ22 = k−11x24 − k+11x14x19x22x23 − δ22x22 + α22 =: f22 + α22,(1.22)

ẋ23 = k−11x24 − k+11x14x19x22x23 − δ23x23 + α23 =: f23 + α23,(1.23)

ẋ24 = k−10x25 + k+11x14x19x22x23 − k−11x24 − k+10x15x24 =: f24,(1.24)

ẋ25 = k+10x15x24 − k−10x25 =: f25.(1.25)

xi(0) = xi,0, ∀i = 1, 2, . . . , 25.(1.26)

xi = xi(t) Xi t

k±i > 0 Table 1
g1 = g1(t) δi xi

Xi αi = αi(t) Xi

mRNA 3
in vivo

Ito-Yamamoto [4] (S) g1 αi

[1, 2, 5, 6] g1 αi

- - [5]

3
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Fig. 1. Biochemical reaction network of cardiac hypertrophy factors: The blocks
X1, . . . , X25 are the substances involved in the reactions (shaded blocks are 10 protein
molecules), and each arrow represents a relation from a reactant substance to a product
one in some reaction described in Table. 1.
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Table 1. Rate constants of biochemical reactions

k±i biochemical reaction in the network of cardiac hypertrophy
k+1 Ca2+ + CaM −→ CaM:Ca2+

k−1 CaM:Ca2+ −→ Ca2+ + CaM
k+2 Ca2+ + CnB −→ CnB:Ca2+

k−2 CnB:Ca2+ −→ Ca2+ + CnB
k+3 CnA + CnB:Ca2+ −→ CnA:CnB:Ca2+ Hereafter simply referred to as Cn
k−3 Cn −→ CnA + CnB:Ca2+

k+4 Cn + CaM:Ca2+ −→ Cn:CaM:Ca2+

k−4 Cn:CaM:Ca2+ −→ Cn + CaM:Ca2+

k+5 Cn:CaM:Ca2+ + NF-AT:P −→ NF-AT:P:Cn:CaM:Ca2+

k+6 NF-AT:P:Cn:CaM:Ca2+ −→ P + NF-AT + Cn:CaM:Ca2+

k+7 CaMK + CaM:Ca2+ −→ CaMK:CaM:Ca2+

k−7 CaMK:CaM:Ca2+ −→ CaMK + CaM:Ca2+

k+8 HDAC + P + CaMK:CaM:Ca2+ −→ HDAC:P:CaMK:CaM:Ca2+

k+9 HDAC:P:CaMK:CaM:Ca2+ −→ HDAC:P + CaMK:CaM:Ca2+

k+10 HDAC + GATA4:NF-AT:SRF:MEF2A −→ HDAC:GATA4:NF-AT:SRF:MEF2A
k−10 HDAC:GATA4:NF-AT:SRF:MEF2A −→ HDAC + GATA4:NF-AT:SRF:MEF2A
k+11 GATA4 + NF-AT + SRF +MEF2A −→ GATA4:NF-AT:SRF:MEF2A
k−11 GATA4:NF-AT:SRF:MEF2A −→ GATA4 + NF-AT + SRF +MEF2A
k+12 GATA4 + P + GSK3β −→ GATA4:P:GSK3β
k+13 GATA4:P:GSK3β −→ GATA4:P + GSK3β

[1, 2, 5, 6]

g1 αi 0

0
3.2 g1 αi

5
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2 (S)

(S) 3
(S)

2.

D = {(x1, . . . , xn) ∈ Rn ; xi > 0, i = 1, . . . , n},
∂Di = {(x1, . . . , xn) ∈ Rn ; xi = 0, x j ≥ 0, j = 1, . . . , n, j � i},

∂D =
n∪

i=1
∂Di, D := D ∪ ∂D.

x ∈ D x x ∈ D x

1 (S)

T ∈ (0,∞]
f = ( f1, f2, . . . , fn) : [0, T ] × Ω −→ Rn

(P)1 = {(2.1), (2.2)}

ẋ(t) = f (t, x(t)) a.a. t ∈ (0, T ),(2.1)

x(0) = x0.(2.2)

T = ∞ [0, T ] = [0,∞) Ω D ⊂ Ω Rn

(S) g1(t) αi(t) t

g1(t)
Ω

f g ∈ L1(0, T ;Rn) (P)1 (2.1) (2.3)
(P)2 = {(2.2), (2.3)}

ẋ(t) = f (x(t)) + g(t) a.a. t ∈ (0, T ).(2.3)

6
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(P)2

2.1 x0 ∈ Ω τ0 := τ0(x0) > 0 ρ0 := ρ0(x0) > 0
(P)2 [0, τ0] x ∈ W1,1(0, τ0;Rn)

x(t) ∈ U(x0, ρ0) := {x ∈ Rn ; ∥x − x0∥Rn ≤ ρ0}, ∀t ∈ [0, τ0],(2.4)

x(t) = x(0) +
∫ t

0
f (x(s))ds +

∫ t

0
g(s)ds, ∀t ∈ [0, τ0].(2.5)

U(x0, ρ0) ⊂ Ω ρ0 > 0 f

L0 > 0

∥ f (y1) − f (y2)∥Rn ≤ L0∥y1 − y2∥Rn , ∀y1, y2 ∈ U(x0, ρ0).(2.6)

M0 > 0

M0 = max
x∈U(x0, ρ0)

∥ f (x)∥Rn .(2.7)

g ∈ L1(0, T ;Rn)
∫ h1

0
∥g(t)∥Rn dt ≤ ρ0

2
(2.8)

h1 > 0
{φk}k∈N

φ0(t) = x0, ∀t ∈ [0, T ],(2.9)

∀k ≥ 1, φk(t) = x0 +

∫ t

0
f (φk−1(s))ds +

∫ t

0
g(s)ds, ∀t ∈ [0, T ].(2.10)

k ≥ 1

∥φk(t)∥Rn ≤ ∥x0∥Rn +

∫ t

0
∥ f (φk−1(s))∥Rn ds +

∫ t

0
∥g(s)∥Rn ds

≤ ∥x0∥Rn + T ′ max
0≤t≤T ′

∥ f (φk−1(t))∥Rn + ∥g∥L1(0,T ;Rn), ∀t ∈ [0, T ′], ∀T ′ ∈ (0, T )

{φk}k∈N ⊂ C([0, T ′];Rn) τ0 = min
{
h1,

ρ0
2M0

}

∀k ≥ 0, φk(t) ∈ U(x0, ρ0), ∀t ∈ [0, τ0](2.11)

7
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(2.6) (2.11)

∀k ≥ 0, ∥φk+2(t) − φk+1(t)∥Rn ≤ L0

∫ t

0
∥φk+1(s) − φk(s)∥Rn ds, ∀t ∈ [0, τ0]

∥φk+1 − φk∥C([0,τ0];Rn) ≤
ρ0(L0τ0)k

k!
, ∀k ≥ 0.(2.12)

(2.12)

∥φℓ − φk∥C([0,τ0];Rn) ≤ ρ0

ℓ−1∑
j=k

(L0τ0) j

j!
, ∀ℓ > ∀k ≥ 0(2.13)

∞∑
j=0

(L0τ0) j

j!
= eL0τ0

(2.13) {φk}k∈N C([0, τ0];Rn) Cauchy
x ∈ C([0, τ0];Rn)

φk −→ x in C([0, τ0];Rn) as k → ∞.

x

x(t) = x0 +

∫ t

0
f (x(s))ds +

∫ t

0
g(s)ds, ∀t ∈ [0, τ0]

(P)2 [0, τ0]
ϕi (i = 1, 2) (P)2 [0, τi] (τi > 0)

ρi > 0 (2.4) τ0 := min{ τ1, τ2}
ρ0 := max{ ρ1, ρ2} ϕi (P)2 [0, τ0] (2.4)

f Ω t ∈ [0, τ0]
ϕ1(t) = ϕ2(t) □

2.1

2.2 x0 ∈ Ω T1 := T1(x0) ∈ (0, T ] (P)2 [0, T1)
x ∈ W1,1

loc ([0, T1);Rn)
T1 < T

∥x(t)∥Rn −→ ∞ as t ↗ T1,(2.14)

inf {∥x(t) − y∥Rn ; y ∈ ∂Ω} −→ 0 as t ↗ T1.(2.15)

8
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2.2 (P)2 [0, T1) x

2.3 g ∈ { g̃ ∈ L1(0, T ;Rn) ; g̃(t) ∈ D a.a. t ∈ [0, T ] } f

∀i = 1, 2, . . . , n, fi(x) > 0, ∀x ∈ ∂Di.(2.16)

x0 ∈ D t ∈ [0, T1) x(t) ∈ D

t1 ∈ [0, T1]

t1 = sup
{

t ∈ [0, T1) ; s ∈ [0, t] x(s) ∈ D
}

t1 < T1 x ∈ C([0, T1);Rn) x(t1) ∈ ∂D
xi(t1) = 0 i ∈ {1, 2, . . . , n} 1

I1 = {i ; xi(t1) = 0} i � I1 xi(t1) > 0 x

εi > 0 t ∈ (t1, t1 + εi) ∩ [0, T1) xi(t) > 0
i ∈ I1 xi(t1) = 0 (2.16) fi(x(t1)) > 0

fi ∈ C(Ω) x εi > 0 t ∈ (t1, t1 + εi) ∩ [0, T1)
fi(x(t)) > 0

xi(t) =
∫ t

t1

fi(x(s))ds +
∫ t

t1

gi(s)ds > 0

ε = min1≤i≤n εi > 0 t ∈ (t1, t1 + ε) ∩ [0, T1)
x(t) ∈ D t1 t1 = T1 □

2.4 g ∈ { g̃ ∈ L1(0, T ;Rn) ; g̃(t) ∈ D a.a. t ∈ [0, T ] } f

∀i = 1, 2, . . . , n, fi(x) ≥ 0, ∀x ∈ ∂Di(2.17)

x0 ∈ D t ∈ [0, T1) x(t) ∈ D

2.1
α ∈ (0, 1] (P)α2 ={(2.18), (2.19)}

ẋα(t) = fα(xα(t)) + g(t) a.a. t ∈ (0, T ),(2.18)

xα(0) = x0.(2.19)

fα(x) = f (x)+ α1 1 = (1, 1, . . . , 1) ∈ Rn fα

∥ fα(y1) − fα(y2)∥Rn ≤ L0∥y1 − y2∥Rn , ∀α ∈ (0, 1], ∀y1, y2 ∈ U(x0, ρ0)(2.20)

9
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Mα = max
y∈U(x0, ρ0)

∥ fα(y)∥Rn , τα = min
{

h1,
ρ0

2Mα

}

2.1 (P)α2 [0, τα] xα ∈ W1,1(0, τα;Rn)

Mα ≤ max
y∈U(x0, ρ0)

∥ f (y)∥Rn + ∥α1∥Rn ≤ M0 +
√

n

τ̄ := min
{

h1,
ρ0

2(M0 +
√

n)

}
≤ τα, ∀α ∈ (0, 1]

α ∈ (0, 1] xα (P)α2 [0, τ̄]

xα(t) ∈ U(x0, ρ0), ∀α ∈ (0, 1], ∀t ∈ [0, τ̄](2.21)

(2.20) (2.21)

d
dt
∥xα(t) − x(t)∥2Rn = 2( f (xα(t)) − f (x(t)), xα(t) − x(t))Rn + 2α(1, xα(t) − x(t))Rn

≤ (2L0 + 1)∥xα(t) − x(t))∥2Rn + nα2 a.a. t ∈ (0, τ̄)

Gronwall

∥xα − x∥C([0,τ̄];Rn) ≤ α
√

n
2L0 + 1

exp
((

L0 +
1
2

)
τ̄

)
. ∀α ∈ (0, 1]

xα −→ x in C([0, τ̄];Rn) as α→ 0.(2.22)

(2.17)

∀i = 1, 2, . . . , n, fi(y) + α > 0, ∀y ∈ ∂Di

2.3

∀α ∈ (0, 1], xα(t) ∈ D, ∀t ∈ [0, τ̄].(2.23)

(2.22) (2.23) t ∈ [0, τ̄] x(t) ∈ D

t2 ∈ (0, T1]

t2 := sup
{

t ∈ (0, T1]
��� s ∈ [0, t] x(s) ∈ D

}

10
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t2 ∈ (0, T1) t2 ≥ τ̄ (P)2

x ∈ C([0, T1);Rn) x(t2) ∈ ∂D (⊂ D)
(P)3 := {(2.24), (2.25)}

ẏ(t) = f (y(t)) + g(t + t2) a.a. t ∈ (0, T ),(2.24)

y(0) = x(t2).(2.25)

t2 + τ′ ∈ (0, T1] τ′ > 0
y(t) ∈ D,∀t ∈ [0, τ′] y ∈ C([0, τ′];Rn)

z : [0, t2 + τ′]→ Rn

z(t) :=


x(t), ∀t ∈ [0, t2),

y(t − t2), ∀t ∈ [t2, t2 + τ′].

z ∈ C([0, t2+τ′];Rn) (P)2 z(t) ∈ D, ∀t ∈ [0, t2+τ′]
t2 t2 = T1

□

2.5 g ∈ { g̃ ∈ L1(0, T ;Rn) ; g̃(t) ∈ D a.a. t ∈ [0, T ] } (2.17) f

p ∈ C(Ω;Rn) h ∈ C(Ω;Rn)

∀i = 1, 2, . . . , n, fi(x) = xi pi(x) + hi(x), ∀x ∈ Ω.(2.26)

h(x) ∈ D, ∀x ∈ D.(2.27)

x0 ∈ D t ∈ [0, T1) x(t) ∈ D

t3 ∈ [0, T1]

t3 = sup
{
t ∈ [0, T1) ; s ∈ [0, t] x(s) ∈ D

}

t3 < T1 x ∈ C([0, T1);Rn) x(t3) ∈ ∂D
xi(t3) = 0 i ∈ {1, 2, . . . , n} 1 (2.26)

ẋi(t) = xi(t)pi(x(t)) + hi(x(t)) + gi(t) a.a. t ∈ (0, T1)

xi(t3) = exp
(∫ t3

0
pi(x(t))dt

) {
xi(0) +

∫ t3

0
exp
(
−
∫ t

0
pi(x(s))ds

)
(hi(x(s)) + gi(s))ds

}
= 0

t3 t ∈ [0, t3) x(t) ∈ D

(2.27) g ∈ { g̃ ∈ L1(0, T ;Rn) ; g̃(t) ∈ D a.a. t ∈ [0, T ] } hi(x(t)) + gi(t) ≥ 0

11
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x0 ∈ D xi(t3) > 0 t3 = T1

□

(2.17) f 1 fi xi

2.5 (2.26) (2.27)
x [5,

2.2]

2.6 f ∈ C1(Ω;Rn) (2.17) x0 ∈ D

t ∈ [0, T1) x(t) ∈ D

h = (h1, . . . , hn) ∈ C(Ω;Rn)

hi(x) := fi(x1, ..., xi−1, 0, xi+1, ..., xn), ∀x ∈ Ω, 1 ≤ ∀i ≤ n.(2.28)

(2.17) h(x) ∈ D, ∀x ∈ D p = (p1, . . . , pn) ∈
C(Ω;Rn)

pi(x) :=



fi(x) − hi(x)
xi

, x ∈ Ω \ ∂Di,

∂ fi
∂xi

(x), x ∈ ∂Di,

1 ≤ ∀i ≤ n.(2.29)

pi(x) Ω x

(2.28) (2.29) (2.26) (2.27) 2.5
□

n = 25, Ω = R25 2.4 2.6 (S)

2.7 g1 ∈ L1(0, T ) αi ∈ L1(0, T ) (i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23)

g1(t) ≥ 0, αi(t) ≥ 0 a.a. t ∈ (0, T )(2.30)

x0 ∈ D (resp. x0 ∈ D) (S) [0, T ]
x ∈ W1,1(0, T ;R25) x(t) ∈ D (resp. x(t) ∈ D), ∀t ∈ [0, T ]

x0 ∈ D (S) f ∈ C1(R25;R25) (2.17)
2.4 T1 ∈ (0, T ] (S) [0, T1)

x ∈ W1,1
loc ([0, T1); D) T1 = T limt↗T ∥x(t)∥Rn < ∞

T1 < T

S 1 := x1 + x4 + x7 + x8 + 2x9 + x11 + 2x13 + x16,(2.31)

S 2 := x2 + x12 + x13 + x16 + x17 + x20 + x21,(2.32)

12
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S 3 := x3 + x4 + x9 + x11 + x13 + x16,

S 5 := x5 + x8 + x9 + x13,

S 6 := x6 + x7 + x8 + x9 + x13,

S 10 := x10 + x11 + x16,

S 14 := x12 + x13 + x14 + x24 + x25,

S 15 := x15 + x16 + x17 + x25,

S 18 := x18 + x20,

S 19 := x19 + x20 + x21 + x24 + x25,

S 22 := x22 + x24 + x25,

S 23 := x23 + x24 + x25.

Ṡ 1(t) = g1(t), Ṡ 2(t) = 0,

Ṡ i(t) = −δi xi(t) + αi(t) a.a. t ∈ (0, T1), ∀i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23

S 1(t) = S 1(0) +
∫ t

0
g1(s)ds ≤ S 1(0) + ∥g1∥L1(0,T ), ∀t ∈ [0, T1],(2.33)

S 2(t) = S 2(0), ∀t ∈ [0, T1],(2.34)

S i(t) = S i(0) − δi
∫ t

0
xi(s)ds +

∫ t

0
αi(s)ds(2.35)

≤ S i(0) + ∥αi∥L1(0,T ), ∀t ∈ [0, T1], ∀i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23.

(2.14) T1 = T (2.33)–(2.35)
limt↗T ∥x(t)∥R25 < ∞

x0 ∈ D 2.6 (S) x ∈
W1,1(0, T ;R25) t ∈ [0, T ) x(t) ∈ D x(T ) ∈ D

x(T ) � D x(T ) ∈ ∂D
xi(T ) = 0 i ∈ {1, 2, . . . , 25}

g̃1 ≡ g1, g̃i ≡ αi (i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23),

g̃i ≡ 0 (i = 2, 4, 7, 8, 9, 11, 12, 13, 16, 17, 20, 21, 24, 25)

13
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(S) f xi

ẋi(t) = xi(t)pi(x(t)) + hi(x(t)) + g̃i(t) a.a. t ∈ (0, T ), ∀ i = 1, 2, . . . , 25,(2.36)

xi(0) = xi,0, ∀ i = 1, 2, . . . , 25.(2.37)

hi

hi(x) ≥ 0, ∀ x ∈ R25.(2.38)

(2.36) Gronwall (2.38)

xi(T ) = exp
(∫ T

0
pi(x(t))dt

) {
xi,0 +

∫ T

0
exp
(
−
∫ t

0
pi(x(s))ds

)
(hi(x(t)) + g̃i(t))dt

}
> 0

x(T ) ∈ D □

1 Ito-Yamamoto [4] (2.30) g1 ∈ L2(0, T ) αi ∈ L2(0, T )
(S) x0 ∈ D (S) x(t) ∈ D, ∀t ∈ [0, T ]

x ∈ W1,2(0, T ;R25) 2.7 [4]

(P)1 (P)2

[5]

2.8 f [0, T ]×Ω x0 ∈ Ω
T1 := T1(x0) ∈ (0, T ] (P)1 [0, T1) x ∈ C([0, T1);Rn) ∩

C1((0, T1);Rn) T1 < T (2.14) (2.15)

f

∀i = 1, 2, . . . , n, fi(t, x) ≥ 0, ∀(t, x) ∈ [0, T ] × ∂Di(2.39)

(P)1 [0, T1) x

(1) x0 ∈ D t ∈ [0, T1) x(t) ∈ D

(2) t ∈ [0, T ] f (t, x) x 1
x0 ∈ D t ∈ [0, T1) x(t) ∈ D

14
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3.

3.1

g1 mRNA αi

(S)
(S)

2.7

3.1 g1 αi (i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23)

g1 ∈ L1(0,∞), g1(t) ≥ 0 (∀t ≥ 0),(3.1)

∃α∗i ≥ 0 s.t. αi − α∗i ∈ L1(0,∞), αi(t) ≥ 0 (∀t ≥ 0).(3.2)

x0 ∈ D ( resp. x0 ∈ D ) (S) [0,∞) x ∈
W1,1

loc ([0,∞);R25) x(t) ∈ D (resp. x ∈ D), ∀ t ≥ 0

(S)

3.2 g1 αi (i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23) (3.1), (3.2)

lim
t→∞

g1(t) = 0, lim
t→∞
αi(t) = α∗i .(3.3)

x∞ ∈ D (S)


f (x∞) + g̃∞ = 0,

x∞1 + x∞4 + x∞7 + x∞8 + 2x∞9 + x∞11 + 2x∞13 + x∞16 = S 1(0) +
∫ ∞

0
g1(t)dt,

x∞2 + x∞12 + x∞13 + x∞16 + x∞17 + x∞20 + x∞21 = S 2(0).

15
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g̃∞ ∈ D

g̃∞i = 0, i = 1, 2, 4, 7, 8, 9, 11, 12, 13, 16, 17, 20, 21, 24, 25,

g̃∞i = α
∗
i , i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23.

xi S 1

S 2 g1 0 αi

(S)
A. Ito K. Yamamoto [4,7]

3.3 (3.1) (3.2) (S) x∞ ∈ D

x∞i =
α∗i
δi
, ∀i = 3, 5, 6, 10, 14, 15, 18, 19, 22, 23,(3.4)

x∞1 = r, x∞2 = 0, x∞4 =
k+1α

∗
3r

k−1 δ3
, x∞7 =

k+2α
∗
6r

k−2 δ6
, x∞8 =

k+2 k+3α
∗
5α
∗
6r

k−2 k−3 δ5δ6
,

x∞9 =
k+1 k+2 k+3 k+4α

∗
3α
∗
5α
∗
6r2

k−1 k−2 k−3 k−4 δ3δ5δ6
, x∞11 =

k+1 k+7α
∗
3α
∗
10r

k−1 k−7 δ3δ10
,

x∞12 = 0, x∞13 = 0, x∞16 = 0, x∞17 = p, x∞20 = 0, x∞21 = S 2(0) − p,

x∞24 =
k+11α

∗
14α
∗
19α
∗
22α
∗
23

k−11δ14δ19δ22δ23
, x∞25 =

k+10k+11α
∗
14α
∗
15α
∗
19α
∗
22α
∗
23

k−10k−11δ14δ15δ19δ22δ23
.

r > 0 a 2

M1a2 + M2a = S 1(0) +
∫ ∞

0
g1(t)dt

M1 > 0 M2 > 0

M1 :=
2k+1 k+2 k+3 k+4α

∗
3α
∗
5α
∗
6

k−1 k−2 k−3 k−4 δ3δ5δ6
, M2 := 1 +

k+1α
∗
3

k−1 δ3
+

k+2α
∗
6

k−2 δ6
+

k+2 k+3α
∗
5α
∗
6

k−2 k−3 δ5δ6
+

k+1 k+7α
∗
3α
∗
10

k−1 k−7 δ3δ10

p x16 x17 (1.17)
0 ≤ p ≤ S 2(0)

2 3.3 [4, 7]
1

1 (1.1)
(1.17) x17 x21 2

16
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2 (S)

g1 0 αi

(S)

3.2

αi

(1) x0 = (x1,0, x2,0, . . . , x25,0)

x1,0 = 20.0, x2,0 = 5.00, x3,0 = 0.00, x4,0 = 0.00, x5,0 = 0.00,

x6,0 = 0.00, x7,0 = 0.00, x8,0 = 0.00, x9,0 = 0.00, x10,0 = 0.00,

x11,0 = 0.00, x12,0 = 3.00, x13,0 = 0.00, x14,0 = 0.00, x15,0 = 0.00,

x16,0 = 0.00, x17,0 = 0.00, x18,0 = 0.00, x19,0 = 0.00, x20,0 = 0.00,

x21,0 = 0.00, x22,0 = 0.00, x23,0 = 0.00, x24,0 = 0.00, x25,0 = 0.00.

(2) k±i

k+1 = 3.00, k−1 = 1.50, k+2 = 1.50, k−2 = 0.75, k+3 = 3.00,

k−3 = 1.50, k+4 = 4.50, k−4 = 2.25, k+5 = 10.0, k+6 = 10.0,

k+7 = 6.00, k−7 = 3.00, k+8 = 10.0, k+9 = 10.0, k+10 = 9.00,

k−10 = 4.50, k+11 = 8.00, k−11 = 4.00, k+12 = 10.0, k+13 = 10.0.

(3) δi

δ3 = 0.50, δ5 = 0.20, δ6 = 0.30, δ10 = 0.80, δ14 = 0.20,

δ15 = 0.25, δ18 = 0.15, δ19 = 0.40, δ22 = 0.35, δ23 = 0.45.

(4) mRNA

α∗3 = 0.95, α∗5 = 0.30, α∗6 = 0.75, α∗10 = 0.80, α∗14 = 0.24,

α∗15 = 0.35, α∗18 = 0.225, α∗19 = 0.70, α∗22 = 0.525, α∗23 = 0.585.

4
∆t = 10−3

g1

g1(t) =


0 if t ∈ [0, T1) ∪ [T1 + 5,T2) ∪ [T2 + 5,T3) ∪ [T3 + 5,∞),

50 if t ∈ [T1, T1 + 5) ∪ [T2, T2 + 5) ∪ [T3, T3 + 5).
.(3.5)
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T1 = 4500 T2 = 6000 T3 = 7500 g1

3
g1 αi (3.1) – (3.3)

Table 2 Table 2 x∞i g1 0

t = T1

g1 = 0 x∞i t < T1

x∞i

2 t = T2 3
t = T3 [T1, T1 + 5) 2 [T1, T1 + 5)

[T2, T2 + 5) x∞i
3.2 2

250 500 g1

3.3 2 r = 1.019478891 · · ·
r = 1.440817148 · · · t = T2 T3 x∞1

t = 9000
g1 3 x∞i

750 r = 1.768034495 · · ·

3.2

3 Table 2 2

2
1 X12 X13 0

0 X12

X13

0
0 2

18
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Table 2. Asymptotic behavior of a numerical solution to the initial value problem(S) with
a function g1(t) defined by (3.5), which represents intermittent supply of calcium ion into
the reaction system. The rightmost column shows the dynamic equilibrium point x∞ for
the case where g1 = 0, and p is the final value of x17, which is a positive constant obtained
by integrating (1.17) from zero to infinity, as explained in Theorem 3.3.

xi t = 4500 t = 6000 t = 7500 t = 9000 x∞i
x1 0.2335254 1.0194789 1.4408172 1.7680359 0.2335254
x2 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
x3 1.9000000 1.9000000 1.9000000 1.9000007 1.9000000
x4 0.8873965 3.8740198 5.4751056 6.7185390 0.8873965
x5 1.5000000 1.5000000 1.4999999 1.4999979 1.5000000
x6 2.5000000 2.5000000 2.4999999 2.4999987 2.5000000
x7 1.1676270 5.0973945 7.2040858 8.8401743 1.1676270
x8 3.5028809 15.2921834 21.6122556 26.5204861 3.5028809
x9 6.2168886 118.4844420 236.6587622 356.3578412 6.2168886
x10 1.0000000 1.0000000 1.0000000 1.0000003 1.0000000
x11 1.7747930 7.7480396 10.9502114 13.4370824 1.7747930
x12 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
x13 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
x14 1.1999994 1.2000000 1.2000000 1.2000000 1.2000000
x15 1.3999996 1.4000000 1.4000000 1.4000000 1.4000000
x16 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
x17 2.8881755 2.8881755 2.8881755 2.8881755 p

x18 1.5000000 1.5000000 1.5000000 1.5000000 1.5000000
x19 1.7499997 1.7500000 1.7500000 1.7500000 1.7500000
x20 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
x21 5.1118245 5.1118245 5.1118245 5.1118245 8.0000000 − p

x22 1.4999997 1.5000000 1.5000000 1.5000000 1.5000000
x23 1.2999997 1.3000000 1.3000000 1.3000000 1.3000000
x24 8.1899911 8.1899999 8.1900000 8.1900000 8.1900000
x25 22.9319690 22.9319996 22.9320000 22.9320000 22.9320000
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