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Abstract. We investigate a simple mathematical model for angiogenesis. From recent

time-lapse imaging experiments on the dynamics of endothelial cells (ECs) in angiogenesis,

we suppose that elongation and bifurcation of neogenetic vessel is determined by only the

density of ECs near the tip, and introduce a model described by nonlinear simultaneous

differential equations. We also incorporate proliferation of ECs and activation factor such

as VEGF and show the exact solutions to that model and numerical simulations.
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[9]
[5]

2.

(2.1)
d
dt

L(i)k+1(t) = F(n(i)k+1(t)) (0 ≤ n(i)k+1(t) < nb, k = 0, 1, 2, ..., i = 1, 2, ..., 2k)

L(i)k+1(t) k i
n(i)k+1(t) nb F(n)

n(i)k+1(t) ρ(t) N(t)

(2.2) ρ(t) =
N(t)

s1L1(t) +
∑∞

k=1
∑2k

i=1 s(i)k+1L(i)k+1(t)

(2.3) n(i)k+1(t) = λ
(i)
k+1(t)

(
ρ(t)s(i)k+1l

)

s(i)k l λ(i)k (t)
VEGF 1

s(i)k , l
F(n) N(t), λ(i)k (t) (2.2) (2.3)

L(i)k (t)

(t = t0) Lini

s1
l

l t
N(t) L1(t) ñ1(t)

(2.4) ñ1(t) =
N(t)l
L1(t)

3
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VEGF λ1(t)
n1(t) := λ1(t)ñ1(t) λ1(t) VEGF

*1

λ1(t) 0 < λ1(t) ≲ 1.5
VEGF

n1(t) n1(t)
ne nb (nb > ne)

F(n)

(2.5)
d
dt

L1(t) = F(n1(t)) (0 ≤ n1(t) < nb)

F(n) = 0 (0 ≤ n < ne) n1(t) ≥ nb

F(n)

Table 1. List of variables

variable Definition

L(i)k+1(t) length of ith neogenetic blood vessel of kth bifurcation at t (1 ≤ i ≤ 2k)

N(t) total number of endothelial cells in neogenetic blood vessels at t

ρ(t) average density of endothelial cells in neogenetic blood vessels at t

s(i)k+1 effective cross section of ith neogenetic vessel of kth bifurcation

n(i)k+1(t) effective number of endothelial cells at the tip of ith neogenetic
vessel of kth bifurcation

λ(i)k+1(t) VEGF activity at the tip of ith neogenetic blood vessel of kth bifurcation at t

l effective length of a tip relating to elongation and bifurcation

ne threshold value of number of endothelial cells for elongation

nb threshold value of number of endothelial cells for bifurcation

Lini length of the initial blood vessel at initial t = t0
Nini number of endothelial cells at initial time t = t0
L1(t) length of the first blood vessel at t

s1 cross section of the first blood vessel at t

ñ1(t) number of endothelial cells in the tip of the first blood vessel at t

n1(t) effective number of endothelial cells in the tip of the first blood vessel at t

t(i)k bifurcation time of ith neogenetic blood vessel of kth bifurcation

*1 2 xy (x(t), y(t)) λ1(t) (x(t), y(t))
VEGF λ(i)k+1(t)

4
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t = t1

(2.6) n1(t1) = nb

s(1)2 , s(2)2
Murray

(s1)m = (s
(1)
2 )

m + (s(2)2 )
m (1.4 ≲ m ≲ 1.6)

[8, 11] Murray

Murray
3 s1 > s(1)2 , s(2)2

m *1

L(1)2 (t), L(2)2 (t) ρ(t)

(2.7) ρ(t) =
N(t)

s1L1(t) +
∑2

i=1 s(i)2 L(i)2 (t)

L1(t) = L1(t1) (t ≥ t1) λ(1)2 , λ
(2)
2

n(1)2 (t), n(2)2 (t)

(2.8) n(i)2 (t) = λ
(i)
2 (t)

(
ρ(t)s(i)2 l

)

(2.5)

(2.9)
d
dt

L(i)2 (t) = F(n(i)2 (t)) (0 ≤ n(i)2 (t) < nb, i = 1, 2)

n(i)2 (t) ≥ nb L(i)2 (t)
k 2k−1

2k

t(1)k ≤ t(2)k ≤ · · · ≤ t(2
k−1)

k

s(i)k+1 t L(i)k+1

λ(i)k+1(t) n(i)k+1(t)
i = 1, 2, ..., 2k *2 (2.2)

ρ(t) =
N(t)

s1L1(t) +
∑∞

k=1
∑2k

i=1 s(i)k+1L(i)k+1(t)

*1 3

*2 k + 1 k (i) i

5
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Fig. 1. Length of the branch L(i)k and cross section s(i)k in sprouting neogenetic blood vessel.

t < t(i)k L( j)
k+1 = 0 (

∀ j ≥ 2i − 1)
n(i)k+1(t) (2.3)

n(i)k+1(t) = λ
(i)
k+1(t)

(
ρ(t)s(i)k+1l

)

(2.1)

d
dt

L(i)k+1(t) = F(n(i)k+1(t)) (0 ≤ n(i)k+1(t) < nb, i = 1, 2, ..., 2k)

n(i)k+1(t) ≥ nb

N(t)
VEGF λ(i)k (t) s(i)k

ne, nb F(n) Lini l
*1 (2.2), (2.3), (2.1) L(i)k (t)

N(t) 1

a

(2.10) N(t) = Nini + a(t − t0)

(2.2) (2.1)
∑

k

∑
i

s(i)k
d
dt

L(i)k (t) =
d
dt

N(t)
ρ(t)
=

∑
k

′∑
i

′
s(i)k F(n(i)k (t))

*1 Murray s(i)k s1

6
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∑
k
′∑

i
′

(2.11) N(t)
d
dt
ρ(t) =

a −
∑

k

′∑
i

′
s(i)k ρ(t)F

(
n(i)k (t)

) ρ(t)

λ(i)k (t) λ(i)k (t) = λ
(i)
k

ρ∞

(2.12)
∑

k

′∑
i

′
s(i)k ρ∞F

(
lλ(i)k s(i)k ρ∞

)
= a

(2.10)

(Fig. 2)

(2.13)
d
dt

N(t) = (ϵ − bN(t))N(t) (N(t0) = Nini)

(Fig. 3) ϵ, b N∞ := ϵb > Nini

(2.10) a = ϵNini t
(2.13)

VEGF

3. VEGF

VEGF (k, i) λ(i)k (t) = 1
F(n)

(3.1) F(n) =
{

v0(n − ne) (ne ≤ n < nb)
0 (0 ≤ n < ne)

v0 t ρ(t)

(3.2) ρ(t0) = ρ0 :=
Nini

s1Lini

(3.3) n1(t0) = n0 := s1lρ0 =
Ninil
Lini

7
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Fig. 2. Bifurcation of the present
model when N(t) satisfies (2.10).
Here the parameters are a =

50, ne = 1, nb = 3, s1 = 3, λ(i)k =

1 and we assume the Murray’s law
(n = 1.5).

 

Fig. 3. Bifurcation of the present
model when N(t) is given by (2.13).
The parameters are ϵ = 1.05, b =
1.05 × 10−4, Nini = 10−3 and we as-
sume the Murray’s law (n = 1.5).

ne ≤ n0 < nb n0 < ne L1(t) = Lini

n1(t) = ne t1
n1(t) =

lN(t)
L1(t)

t0 < t < t1

(3.4)
d
dt

(
lN(t)
n1(t)

)
= v0(n1(t) − ne)

N(t) (2.10) at0 = Nini

(3.5) N(t) = at

3.1 ξ, η

(3.6) ξ − η = ne, ξη =
al
v0

(3.7) ξ > nb

8
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t1

(3.8)
t1
t0
=

(
nb

n0

) �����
n0 − ξ
nb − ξ

�����
η
ξ+η

(
n0 + η
nb + η

) ξ
ξ+η

L1(t1)

(3.9) L1(t1) =
at1l
nb

(3.4), (3.5)

la
n1(t)

− lat
n1(t)2

d
dt

n1(t) = v0(n1(t) − ne)

t
d
dt

n1(t) = n1(t) −
v0
la
(n1(t) − ne)n1(t)2

(3.6) ξ, η

t
dn1
dt
= − 1
ξη

n1(n1 − ξ)(n1 + η)

∫
dt
t
=

∫ {
1
n1
−

(
η

ξ + η

)
1

n1 − ξ
−

(
ξ

ξ + η

)
1

n1 + η

}
dn1

(3.10)
t
t0
=

(
n1(t)
n1(t0)

) �����
n1(t0) − ξ
n1(t) − ξ

�����
η
ξ+η

(
n1(t0) + η
n1(t) + η

) ξ
ξ+η

ξ =
(
ne +

√
n2e + 4al/v0

)
/2 > ne ξ ≤ nb n1(t0) > ξ

n1 n1(t0) < ξ n1 ξ

ξ > nb (3.10) t1 (3.8)
N(t1) = at1 L1(t1) (3.9)

ρ(t):

(3.11) ρ(t) =
at∑

k
∑

i s(i)k L(i)k (t)

9
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3.2 ti < t < t f

(3.12)
(

t f

ti

)
=

(
ρ(t f )
ρ(ti)

) (
ρ(ti) + α
ρ(t f ) + α

) α
α+β

������
ρ(ti) − β
ρ(t f ) − β

������
β
α+β

α, β

(3.13) β − α = ρe, αβ =
1

Vm

∑′ n(i)k ≥ ne (k, i)

(3.14) Vm :=
v0l

∑′(s(i)k )
2

a
, ρe :=

ne

l

∑′ s(i)k∑′(s(i)k )
2

(2.1), (3.11)

(3.15)
d
dt

t
ρ(t)
= Vm(ρ(t) − ρe)

(3.15) ρ(t) (3.4) (3.12)

k i (k, i)

3.3 t∗ (k∗, i∗)

s(i
∗)

k∗ = maxk

[
max

i

[
s(i)k

]]
, ρ(t∗)s(i

∗)
k∗ l = nb

maxk maxi (k, i)
(k, i)

(2.2), (3.12) (k, i), (p, j)
(2.1)

(3.16)
d
dt

[
s( j)

p L(i)k (t) − s( j)
k L( j)

p (t)
]
= v0ne(s

( j)
p − s(i)k )

10
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1 2 s(1)2 > s(2)2 t > t1 2
2 t = t(1)2

ρ(t)s(1)2 l = nb ρ(t1)s1l = nb (3.12)

t(1)2 =


t1s1
s(1)2




nb + αs1l

nb + αs(1)2 l


α
α+β

�������
nb − βs1l
nb − βs(1)2 l

�������

β
α+β

α, β

β − α =
ne(s

(1)
2 + s(1)2 )

l
{
(s(1)2 )

2 + (s(1)2 )
2
} , αβ = q

v0l
{
(s(1)2 )

2 + (s(1)2 )
2
}

L1 = L1(t1), L2 = L(1)2 (t
(1)
2 ), L′2 = L(2)2 (t

(1)
2 )

ρ(t(1)2 ) =
at(1)2

L1s1 + s(1)2 L2 + s(2)2 L′2

L1s1 + s(1)2 L2 + s(2)2 L′2 =
at(1)2 s(1)2 l

nb

(3.16)
s(2)2 L2 − s(1)2 L′2 = (t

(1)
2 − t1)v0ne(s

(1)
2 − s(2)2 )

L1, L2 L2

L2 =
1

(s(1)2 )
2 + (s(1)2 )

2




at(1)2 s(1)2 l
nb

− L1

 s(1)2 + (t
(1)
2 − t1)v0ne(s

(1)
2 − s(2)2 )s

(2)
2



L′2
t(i)k L(i)k (t)

k, i
s(i)k+1 = sk+1 k tk n(i)k+1(t)

i n(i)k+1(t) = nk+1(t) (∀i)
nk(tk) = sklρ(tk) = nb 3.1, 3.2

3.4 tk

(3.17)
tk

tk−1
=

(
sk−1
sk

) (
nb + αklsk

nb + αklsk−1

) αk
αk+βk

�����
βklsk − nb

βklsk−1 − nb

�����
βk
αk+βk

11
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s0 := nb
ρ(t0)l

nk(tk−1) = ρ(tk−1)skl ≥ ne

nk(tk−1) < ne (3.17) tk−1 t∗k−1 :=
neVk
askl

Vk tk−1 αk βk

(3.18) βk − αk =
ne

lsk
, αkβk =

al
2k−1v0s2k

,

3.5 k Lk+1 tk < t ≤ tk+1

(3.19) L1 =
alt1
nb
, Lk+1 =

al(tk+1 − tk)
2knb

(k = 1, 2, ...)

N(t) = Nini + a(t − t0)
k

3.6 sk+1 < sk (k = 1, 2, ...)

(3.20)
⌈
log2

(
al

v0nb(nb − ne)

)⌉

⌈x⌉ x

t ≥ tk−1 (3.15)

t
d
dt
ρ(t) = −ρ(t)(ρ(t) − βk)(ρ(t) + αk)

ρ(t) ρ(t) > 0 t → ∞ βk

lskβk ≤ nb

βk =
ne +

√
n2e + (4al/2k−1v0)

2lsk

ne +

√
n2e + (4al/2k−1v0) > 2nb

al
v0nb(nb − ne)

> 2k−1

12
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k

k − 1 < log2
(

al
v0nb(nb − ne)

)
≤ k

k (3.20)

3.4 N(t) = Nini + a(t − t0)

(3.21) N(t) = eϵtN0 (N0 > 0)

3.7 N(t) (3.21)

(3.15)
d
dt

(
N(t)
ρ(t)

)
= aVm(ρ(t) − ρe)

ρ N

N
dρ
dN
= ρ

{
1 − aVm

ϵN
(ρ − ρe)ρ

}

ρ

t → ∞ N → ∞

N
dρ
dN
∼ ρ

ρ ∼ N ρ(t)
s(i)k s(i)k lρ(t) ≥ nb

N(t)
(2.13)

3.4 3.7

VEGF

13
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4. VEGF

2 2

• (2.1)
• (2.13)
• 2
• Murray m = 1.5

• VEGF λ(i)k (t)
▷ VEGF

2 xy (x, y) f (x, y)
t

*1

▷ x x > 0
▷ x ∆x f (x, y)∫ ∆x

0 f (x, 0) dx Λ1

VEGF λ1(t) = Λ1
▷ t = t1 (x, y) = (L(t1), 0)

60◦ 150◦

▷ ∆x f (x, y)
(L(t1), 0) 2 (L(t1) +

√
3
2 ∆x, 12∆x), (L(t1) +

√
3
2 ∆x,− 12∆x)

f (x, y) Λ
(1)
2 , Λ

(2)
2

VEGF λ(1)2 (t) = Λ
(1)
2 , λ

(1)
2 (t) = Λ

(2)
2

▷ ∆x f (x, y)
Λ
(i)
k λ(i)k (t) = Λ

(i)
k

Fig. 4, 5
VEGF

*1 t (k, i) b(i)k (t) ∈ R
2 λ(i)k (t) ∝ f (b(i)k (t))

14
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← low              VEGF             high → 

Fig. 4. Bifurcation of neogenetic
blood vessels under the effect of
VEGF. The function f (x, y) = 1 +
(tan−1 y)/π. The other parameters
are the same as those in Fig. 3.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
← low              VEGF             high → 

Fig. 5. Bifurcation of neogenetic
blood vessels under the effect of
VEGF. The function f (x, y) = 0.8 +
0.5 exp[−(x − 1)2 − y2]. The other
parameters are the same as those in
Fig. 3.

ne, nb VEGF
Fig. 6 VEGF nb ne

ne

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

Fig. 6. The parameter ne dependence of bifurcation patterns of neogenetic vessels. The
values are ne = 0.1nb, 0.5nb, and 0.9nb respectively from left. The other parameters are the
same as those in Fig. 3.

ne, nb VEGF
Fig. 7
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Fig. 7. VEGF dependence of bifurcation patterns of neogenetic vessels. The concentra-
tion of VEGF is spatially uniform and the values of f (x, y) = 0.4, 1.0, and 1.4 respectively
from left, and ne = 0.1nb. The other parameters are the same as those in Fig. 3.

Fig. 8
2

ne

VEGF Fig. 9 VEGF

5.

VEGF
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Fig. 8. The number of bifurcations
with respect to the ne/nb and f (x, y).
(Here f (x, y) is a constant function.) The
other parameters are the same as those in
Fig. 3.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

○ 
 

◇ 
 

□ 

Fig. 9. VEGF dependence of the
lengths of the branches Lk generated by
k − 1th bifurcation. (k = 1, 2, ..., 7).
The parameters are the same as those in
Fig. 7.

2

Murray 60◦

JST, CREST

17

血管新生の数理モデル 121

─ 121 ─



(iBMath) JST

[1] Anderson, A. R. A. and Chaplain, M. A. J., Continuous and discrete mathematical mod-
els of tumor-induced angiogenesis, Bull. Math. Biol., 60 (1998), 857–900.

[2] Arima, S., Nishiyama, K., Ko, T., Arima, Y., Hakozaki, Y., Sugihara, K., Koseki, H.,
Uchijima, Y., Kurihara, Y., and Kurihara,H., Angeogenetic morphogenesis driven by
dynamic and heterogeneous collective endothelial cell movement, Development, 138
(2011), 4763–4776.

[3] Daub, J. T. and Merks, M. H., A cell-based model of extracellular-matrix-guided en-
dothelial cell migration during angiogenesis, Bull. Math. Biol., 75 (2013), 1377-1399.

[4] Gamba, A., Ambrosi, D., Coniglio, A., de Candia, A., DiTalia, S., Giraudo, E., Serini,
G., Preziosi, L., and Bussolino, F., Percolation, morphogenesis, and Burgers dynamics
in blood vessels formation, Phys. Rev. Lett., 90, (2003) 118101.

[5]
2000.

[6] Matsuya, K., Yura, F., Mada, J., Kurihara, H., and Tokihiro, T., A Discrete Mathematical
Model for Angiogenesis, preprint

[7] Merks, R. M. H. and Koolwijk, P., Modeling morphogenesis in silico and in vitro: To-
wards quantitative, cell-based modeling, Math. Model. Nat. Phenom., 4 (2009), 149-
171.

[8] Murray, C. D., The Physiological Principle of Minimum Work II. Oxygen Exchange in
Capillaries, Proc. Natl. Acad. Sci. USA, 12 (1926), 207-214.

[9] Scianna, M. and Preziosi, L., Multiscale developments of the cellular potts model, Mul-
tiscale Model. Simul., 10 (2012), 342–382.

[10] Sugihara, K., Nishiyama, K., Fukuhara, S., Uemura, A., Arima, S., Kobayashi, R.,
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